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Abstract: We study a supersymmetric SU(5) model with the extra Higgs multiplets of 45 + 45. The 
unification of the gauge couplings, the fermion masses and the proton lifetime are discussed in details. 
The dimension-five operators mediated by different colored Higgs sector can be destructive with each 
other. This effect serves a way of solving the longevity of proton. We analytically analyze this 
destructive effect in a special limit where the mixing between the 5- and 45-plets is small. Although 
the theory does not hold in this special limit, it is a revelatory starting point. We can relax this 
limit and retain the destructive effect. In a generalized parameter space, this model is in accord with 
experimental results. 
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1 Introduction 

A successful model of grand unified theory(GUT) needs to satisfy at least the following key points: 
unification of the gauge couplings, realistic fermion masses and mixing, and long-lived proton. The first 
point of unification of the gauge couplings is realized in the class of models of supersymmctric(SUSY) 
GUT models[l, 2]. To fulfill the second point, the Higgs sector needs extending beyond the minimal 
SU(5) model. For example, in the model by Georgi-Jarlskog[3], 45-plet is added to generate the correct 
texture of fermion masses. Third, since in the SUSY GUT models the proton lifetime is determined 
by the dimension-five operators [4, 5] mediated by the colored Higgs multiplets, the Yukawa couplings 
need adjusting to suppress proton decay. 

In this work we will study proton lifetime and fermion masses in a SUSY SU(5) model following 
Georgi-Jarlskog[3]. Originally, it was aiming at the fermion masses. Its SUSY version[6, 7] contains 
a pair of extra Higgs multiplets of 45 -I- 45. After the SU(5) group is broken, the 45 -I- 45 contains 
a pair of weak doublets and two pairs of color triplets. This pair of doublets mixes with those from 
5-1-5. In order to make sure that the low energy limit of this model is the Minimal SUSY Standard 
Model(MSSM), we set a restriction on some parameters to let only one pair of weak doublets light. 
This model can give realistic texture of fermion masses. So we can assign the experimental constraints 
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on the parameters related to fermion masses. The authors of Ref.[8] claim that present proton decay 
experiments exclude the Minimal SUSY SU(5) GUT Model(MSGUT), although to some extent it still 
can be reconcilable with observation [9]. We are trying to find some way to ensure longevity of proton. 
By adding the new pair of 45 + 45, the contributions from different colored Higgs can be destructive. 
This effect have been introduced in Rcf[10], and we will make a much detailed analysis here. This 
destructive effect can be analytically and easily shown in a special limit, called as "small mixing limit" 
here, where the mixing between 5 and 45-plcts is small. By relaxing this limit, we can retain the 
destructive effects to ensure long enough proton lifetime. 

This paper is organized as follows: The Higgs contents and their masses are given in Sec. 2. We 
set restricts on the heavy fields by requiring the gauge coupling unification in Sec. 3. The Yukawa 
couplings with the matter fields are listed in Sec. 4. The dimension-five operators are also given in 
this section. In Sec. 5, we formally analyze the proton decay width in small mixing limit. In Sec. 6, 
we give numerical results both in and beyond the small mixing limit. This model is in accord with 
experiments. Finally, we summarize our results. 



2 The Higgs contents 

In this section, we analyze the Higgs sectors of the model both before and after the breaking of SU(5) 
gauge symmetry. Before the symmetry breaking, the model have 5 + 5 and 45 + 45 Higgs multiplcts, 
which is just the SUSY version of Georgi-Jarlskog Model[3]. After the breaking, the model becomes 
the MSSM at low energy. 

2.1 General Superpotential 

The general renormalizable superpotential for the Higgs sector is 

Wmggs = J./TrE-'' + ^/V^TrE^ + A5„(E^ + 3F5^)5^ + Mi5a5" 

+ p45^^{[E^5^^ + 5;{^6'^ - E^5^)] + W5;5lt,}Ml, + ^A^i^Sf^^^s 

+ i^^i5["E^l45l^ + i^«:25[„E2,45f , (2.1) 

where S is the adjoint Higgs. The Greek letters run from 1 to 5. The square brackets denote 
symmetrization. The third line corresponds the mixing between 5 and 45 Higgses. S'fA is the extended 



Kronecker's delta defined as Sg^ = SgS^ — 5°^5g. Parts of this superpotential have already been listed 



■J^p = (J^Up — Op<J^ T3„„+„ „<■ ^ — + ;„i 

in Refs. [11-14]. 

The fields contents of the Higgs in 45 are 



45 ^ ^^a(2, + ^Kih 3)| + ^HS^iS, 3) . + ^i/""6.b(l, 3)_ 4 

+ lH^^e^0,{2,3)r + iiJ('^^e„^,(l,6)| + ^i/f J2,8)_i. (2.2) 

All the coefficients arc the normalization factors. The numbers in the brackets arc the SU(2) and 
SU(3) representation dimensions and the subscripts are the U(l) charges, s in round brackets denote 
symmetrization of the Greek indices. On the right-hand side of the above equation, the Latin letters 
take 1 and 2, while the Greek letters take 1,2, and 3. The Higgs contents in 45 have the corresponding 
conjugate terms. 
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The adjoint Higgs S acquires a VEV diag(2, 2, 2, — 3, — 3)V^ and breaks SU(5) to the Standard 
Model(SM) gauge group[15]. The bihnear terms of 5 and 45 Higgs constituents in the SM gauge 
groups are 



13 



= (5^^ + Mi)^"^" + i^py + ^^2)KH"^ + {2pV + M2)i?L^a" 



'/3a^^a t^lH'^Ha + P2H"' H'^, 

and the mixing terms between 5 and 45 Higgs are 



(2.3) 



W Mixing = -^f^lH°'H 



V2 



75 

2^/2 



2^2 



(2.4) 



From Eq.(2.3), we can see that this model has two pairs of weak doublets (i?°, Ha) and (i/'", H'^) 
and three pairs of colored Higgs triplets {H",Ha), {H'",!!'^), and {H'J^, H""). The unprimed ones 
come from 5 + 5 Higgs multiplets and the primed ones come from 45 + 45 Higgs multiplets. Mixing 
between primed and unprimed ones take place when k's are nonzero. Note that {H^, H"") do not mix 
with other Higgs triplets. The masses of these sectors are exhibited in the following context. 

2.2 Doublet Masses 

The Higgs doublets' mass and mixing terms can be achieved from Eqs.(2.3) and (2.4) and can be 
rewritten as 



2V2 " 2\/2 

The mass matrix can be diagonalizcd with the following rotation 



cos tl]j smW^i 
— sin 6]j cos Ojj 



The fields on the left-hand side of Eq.(2.6) represents the mass eigenstates. If we set 

3kiK2 = 8/ii/i2, 



(2.5) 



(2.6) 



(2.7) 



we get one pair of Higgs doublet (H^jH^) to be massless and the other pair {H'^,H'^) has squared 
mass eigenvalue 



(2.8) 



It must be emphasized that the condition of Eq.(2.7) is still a typical fine tuning of parameters. Under 
this condition, the doublets' rotating angle can be written as 



tan 6'n = 



76, 



H2 



When fii <C /i2, slight breaking of Eq.(2.7) ensures a small eigenvalue of 

3kiK2 



fiKi pi 



8/X2 



(2.9) 



(2.10) 
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which is just the coefhcient of "/i-term" in the MSSM. Then at low energy there exist only one pair of 
Higgs doublets. They arc identical to the Higgs doublets of the MSSM. The flavor changing neutral 
currents mediated by the heavy Higgs are then negligible. The condition Eq.(2.7) realizes the doublet- 
triplet mass splitting. This condition is basic postulate in the rest of this work. 

2.3 Triplet Masses 

This model have three pair of colored triplets. For {H'J^, iJ"") do not mix with the others, their masses 
are just the bilinear term in Eq.(2.3). We only have to consider the other two pairs' mixing. They can 
be written as 



The mass matrix of Higgs triplets can be diagonalized with the following rotation 



'{He, He)' 




{H'^,H'J 





cos ot sm Ut 
— sin 9t cos Ot 



The mass eigenvalues of the rotated Higgs triplets are 



iH"',K) 



where 



Mh^ = (V2(ki - + S2 + v/2(«i + K2)2 + t2)/4, 

AIh' = I v/2(ki - K2)2 + S2 - v/2(ki + K2)^ + f'l/i, 



s = l3pV + WW + 2^2 + 2/ii, 
t = 13pV - lOXV + 2^2 - 



We can express the rotating angle as 
tan 6t 



v/[2(k1 + K2)2 + t2] [2(^1 - K2)^+l^] - St -2(4- Kj) 
\/2[(ki + K2)s - (ki - Ii2)t] 



(2.11) 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



At the end of this section, we summarize all the heavy Higgs masses in Table 1. These masses 
enter into the running the gauge couplings and the colored ones can mediate nucleon decay. 



3 Constraints on GUT-scale Masses 

In this section, we examine the gauge coupling unification and we get limits on the GUT-scale masses 
from the requirements of the unification. The theoretical perturbative bounds on Yukawa couplings 
can also put further constraints on GUT-scale masses [15]. 

The running of the three gauge coupling constants in MSGUT have already been investigated[16]. 
By adding the extra 45 -I- 45 Higgs effects, we get the new formulae 
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Table 1. Summary of the GUT-scale Higgs masses in terms of basic parameters. 



Higgs Representation 
multiplets under SM group 



Mass 



(l,3)_i (l,3)i { ^2iKi - K2f + + ^2{ni + ^2)^ + ^^ )/4 

(1,3)_J (1,3)1 I v/2(ki - K2)2 + - v/2(ki + n^Y + |/4 

(i,3)_4 (1,3)4 ^pv + ^i2 

(2, 8)_ 1(2,8)1 ^pv + ^i2 

(3,3)1 (3, 3)_i 2p\/ + Ai2 

(1,6)1 (l,6)_i 10py + /i2 

(2,3)v (2,3)„7 5pl/ + M2 

6 6 

(2,1)1 (2, l)_i v/(A^j+Ml) + i(^f + ^1) 
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(3.3) 



Here, the scale A is larger than any of the GUT-scale masses and all the masses except for msusY 
and mz are taken around the GUT-scale. We can get all the GUT-scale masses' dependence on the 
parameters of superpotential from Eqs.(2.3), (2.8), and (2.13). The number of generation Ng is three. 
We take all MSSM particles' masses at msuSY- By eliminating a^^, we have 



2 In 



msusY 
mz 



12, MhJ'Ih' 

m 



l^ln!^ 

5 mz 

-In ^ - 1 

5 Mf, 



(3.4) 



3a2 ^ — 2a^ ^)(wz) 



27r I 



8 In 



msusY , M^Afs 



mz 



12 In- 



(3.5) 



The Eqs. (3.4,3.5) give restrictions on the GUT-scale mass spectrum from the weak-scale parameters. 
But the restrictions here are much looser than those in Refs.[17, 18]. The mass splitting among the 
MSSM particles also affects the GUT-scale mass spectrum. The detailed analysis of SUSY mass 
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splitting can be found in Ref.[15]. If pV <C P2, the masses of Higgs multiplets from the 45-plet are 
highly degenerate except for H'j-, and H'^. When we restrict to the universal scalar mass dominates 
the SUSY breaking and take two-loop gauge couplings into account, we have the following constraints 

1.7 X lO^^GeV < (a4Ms)^/^(1 - 2.5—) < 2.0 x lO^^GeV, (3.6) 

3.5 X 10"GeV < MlhME^{i + 69.5^) < 3.6 x lO^^GeV, (3.7) 
for gluino mass lOOGeV < irig < ITeV. If pV ^ /.J2, the constraints become 

4.0 X lO^^GeV < (M^ Me)^/^(1 + 0.29^) < 4.7 x lO^^GeV, (3.8) 

4.4 X lO^GeV < _ 4.36—) < 4.2 x lO^GeV. (3.9) 

ruH'^ pV 

The above equations are the extended version of those from Ref.[8]. 
We define Mqut = {MyM^Y^^ and it is constrained as 

1.7 X lO^^GeV < Mgut < 4.7 x lO^^GeV. (3.10) 

The applicability of perturbation requires that the dimensionless couplings /, A, p in Eq.(2.1) to 
be small. The perturbative bound of / under Planck scale in Ref.[15] gave My > 0.56Afx;- Numerical 
study gives 

Ms < 6.9 X lO^^GeV, (3.11) 

and 

My > 1.4 X lO^^GeV. (3.12) 

The above equation satisfies the bound on dimension-six operator mediated p ^ ir'^ + e~^ which requires 
My > (2.57- 3.23) x 10i5GeV[19]. 



4 The Yukawa Couplings and The Dimension-Five Operators 

In this section, we present the realistic fermion mass relations and the dimension-five operators. There 
are several Higgs multiplets which give contributions to the fermion masses or to the dimension-five 
operators, and these Higgs multiplets contribute in different ways. So the correlation between the 
dimension-five operator couplings and the matter fields' Yukawa couplings is diluted. 

4.1 Superpotential 

Before the GUT gauge group symmetry is broken, the superpotential for the Yukawa couplings is 

+V2rrPf^P,,-^lp + 2/i''^e«^,p.^f Vj'45r, (4.1) 

where ■0"^ and V'ja are the 10- and 5-plet matter fields[15, 20] with i and j as the generation indices. 
Here the Greek letters run from 1 to 5. We work in the basis that the mass matrix for the up- type 
quarks are already diagonalized to reduce complexity. 



- 6 - 



The coupling constants are defined as 

fiO^J = v*f^'^\ (4.2) 

where V^^'s are the Cabibbo-Kobayashi-Maskawa(CKM) matrix elements. The phases t^j's and the 
Vij's are valid for both couplings to 5 and 45 Higgs, for they are fixed by the definition of the matter 
fields. Even if we set different 0^'s and V^^s for the primed Yukawa couplings, their difference with 
unprimed ones can be absorbed into the redefinitions of the primed Yukawa couplings. Only two of 
the phase are independent and we follow [15] to take 

^u + (f>c + ^t^ 0. (4.3) 

Under the SM group, the superpotential for the matter fields can be deduced from Eq.(4.1) and 
written as 

W = if Ha + ^J'^K)e'iL, 



lla 



^V2V*pQrd'^pHfl, + 2V2e,,/i"<„gf (4.4) 

where the Latin letters represent the SU(2) indices and the Greek letters represent the SU(3) indices. 
The coupling eap-yQ^Q^ H^'^ vanishes for Q'^Q^ symmetric under SU(2) transformation and anti- 
symmetric under SU(3) transformation. So (3,3) and (3,3) components of 45 + 45 do not couple to 
QQ. 
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4.2 Fermion Mass Texture 

The Georgi-Jarlskog model provides a mechanism of generating reahstic lepton-quark mass relations. 
The fermion mass formulae can be easily gotten from Eq.(4.4) 

me, = r{Ha) + ^.rm. (4.5) 

Together with Eq.(2.6), we get the Yukawa couplings of the light Higgs doublets to the light fermions 
as follows 

iiui = h cosUd —n, smOD, 

fd, = fcosOD - —f"ain0D, 

/e. = r COS Od + sin^D- (4.6) 

Here we can reexamine the reliability of one set of phases and CKM matrix elements. The masses 
of up-type quarks would be complex if h"'^ have different phases with /i*^ . The masses of down-type 
quarks would be complex with V^j's different from CKM. So are the leptons. From above equations, 
we can see that Z*^''' arc fixed up to 6d and tan/3, where tan/3 = {Hy) / {Hd) ■ /i''-** have more degrees 
of freedom. 

4.3 Dimension-Five Operators and Effective Lagrangian 

We can get the dimension- five operators that violate the baryon-lepton numbers, by integrating out 
the colored Higgs multiplets. These operators can be put into two categories: the LLLL-types ones 
by integrating out He and H'^ and the RRRR-type ones. The LLLL-type operators can be written 
explicitly as 

W^L = F'^'e'^-li* (Q.Q.)(QfeL,), (4.7) 



where 



1 /-h^fi a/2 
Y'-J = ( — ^ cos^ Ot + —h'p cos Ot sin 0t 

+2h"p sin^ 0T + 2V2h''f sin 0t cos 0t) 

' ^ sin^ 0T - —h'p cos 0T sin 0t 



Mh'^ V 2 4 
+2h'\p cos^ 0T - 2V2h'\P sin 0t cos 0t) ■ (4.8) 



The RRRR-type operators can be written as 

W,, = X^^y.,e-'*^y;,«e^)(«^dn, (4.9) 
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where 



V2, 



^— (h'P cos^ Ot + —h'p cos Ot sin Ot 
Mff^ V 2 

+4:h"p sin^ 6It + iV2h''P sin 6It cos 6It 
+ f /iV^ sin^ 6It -^h'f 



...J .... „^ J COSf^TSm^T 

-4/i'7'^ cos^ 0rp ~ 4V2h"f sin 6't cos 9t 



(4.10) 



The trigonometric functions in Y^^ and hail from the mass matrix diagonahzation. 

The external sfermion legs of the dimension-five operators will be converted to fermions at SUSY 
breaking scale, by dressing of gauginos or doublet Higgsinos. We only focus on the LLLL-type operators 
here for simplicity, although the RRRR-type can also be important [21]. The dressing of wino to 
{QQ){QL) gives the most important contribution[15, 22], and yields the triangle diagram factor 



f{u,d) 



where M2 is the wino masses. The resulting four-fcrmion operators are 



(4.11) 




C = Y 



«df)(d>,.)(/(«„efe) + /(«„<)) 



+(dfuf)(u;efc)(/(u.,<)+/(4,i.fc)) 
+ «df)(u7efc)(/«,^,) + /«,^fe)) 



(4.12) 



The total antisymmetry in color index requires i ^ k, which implies the dominant mode is p — > /v z^[15]. 



Taking renormalization effects into account, the most relevant terms for p — 



K+ 



X [As{c,u,s)e'^^Y^^V,sV,dU{c, m) + /(c, d')) 
+As{t,u,s)e''t'*Y^^VtsVtd{f{t, lj) + f{t. d'))] . 



(4.13) 



The function As refers to the short range renormalization effect between the unification and the SUSY 
breaking scales and Al the long range renormalization effect between the SUSY scale and 1 GeV[23]. 
All of these have been investigated thoroughly in [15, 24]. The c and f-exchange amplitudes can be 
constructive or destructive with each other depending on (p^ and 4>t- The ratio of t and c-contribution 
can be defined by[15] 



Y^^As{t,u,s)e'^^VtsVtdifit, m) + /ft, ^0) 
y22As(c, u, s)e^'^^V,Mfic, /i) + /(c, d')) ■ 



(4.14) 



- 9 - 



We also have 

for p + v^. This process is suppressed by the smallness of the first generation Yukawa couplings 

in the MSSM. 

The couplings F*^'s are fixed by GUT-scale masses and light fermion Yukawa couplings. With 
fixed GUT-scale masses, we have the parameter freedom to set Y^^ = 0, Y^^ = 0, and Y^^ = to 
suppress p — > A'+ + by tuning /i"s. Inversely, we can get 45-Higgs Yukawa couplings up to GUT- 
scale masses from proton decay bounds. If p — > + is suppressed, the modes p — > mesons -I- 
and p — > mesons + are all suppressed. 

5 Constraints in Small Mixing Limit of 5 and 45-plets 

This model has two pairs of colored Higgs multiplets which can induce proton decay. The contributions 
from different Higgs multiplets can be destructive, so that it may predict long enough proton lifetimes. 
This destruction can be exhibited in a very simple way when the mixing between different Higgs 
multiplets can be treated as perturbation. When the mixing is negligible, wc can take the masses of 
the color Higgs to be degenerate as the leading order approximation. The Yukawa couplings can 
be expanded through mixing angle 6t and the mass difference of the colored Higgs sectors beyond the 
leading order. They are related to p, K.12 and t, so wc can expand dimension-five operator couplings 
through these parameters. The couplings h^'^"^ and are restricted by Eq.(4.6). 

5.1 Leading Order Cancellation 

In this subsection, we pick out the most relevant contributions and consider their counteractions. 
When the mixings between 5 and 45-plets are negligible, we have the leading terms of F'^ 's as follows 

If we further assume 

h'f+Ah"f" = 0, (5.2) 

and 

M = Mh^=Mh'^, (5.3) 

Yq-' does not contributes to the nucleon decays, /i*-'*-* are specially chosen to let the contributions from 
different colored Higgs sectors cancel. In such way, wc illustrate the destructive effect. Then the next 
to leading order terms dominate. The sin^ 6t terms do not contribute to the next to leading order 
terms. The sin^^ cos^^ terms vanish when Mh^ ~ ^J^H'^- The next to leading order terms only come 
from the colored Higgs mass splitting and can be written as 

Yl() = ^iMH,^MHj. (5.4) 

5.2 Beyond the Leading Order 

Even the leading order of Yq-' vanishes, the non-vanishing k and the colored Higgs multiplets mass 
splitting can still contribute to nucleon decay. In order to investigate the validity of ^(i), we need the 
next to the next to leading order terms 

= ''"'m,^'"' ^ {h'P + Sh-D sin^T. (5.5) 
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For small |ki(2)| ^ \t\, we have 



sm 9t~ , (5.6) 



and 

Mh^ - Mh'^ « \st\/A. (5.7) 

When |t| <C 1, |ki(2)| ^ \t\, Y^2) negligible and Y^^) ^ good approximation to Y^^ . In this special 
circumstance, we have the nucleon decay width 

m3 • (^-^^ 

It is proportional to the squared mass splitting. 

We can also simplify y*^ when F^^j ~ and Y^^^ = or F^q^ = and Y^pj = . The most relevant 
term is 

|y*^l = |y*^H = l2/*^1 = l^^^#^l«o.i8, (5.9) 

rric Vcd Vcs 

with common triangle diagram factors and short range rcnormalization factor. 

It is important to emphasize that we can only suppress some specific decay modes in this way. 
When one mode is suppressed others may be enhanced. For example, if we choose Y^^ = and 
Y^^ = to suppress p — >■ + v^, p ^ tt^ + Ve will be enhanced for the consequential larger Y^^ and 

y21 

When the mixing effects between 5 and 45-plets dominate, the mass difference between He and 
H'^ will not be small. We can not expand the dimension-five operator couplings in the colored Higgs 
mass splitting. The most dominant part of proton decay widths can not be picked out in a simple 
way. 

Under the conditions of this section, the heavy thresholds effects in Eqs.(3.4) and (3.5) are sim- 
plified. When \pV\ ^ /i2, only Mh^, Mh' , Mh", and Mh^ contribute to Eq.(3.4) and only My and 
Ms contribute to Eq.(3.5). All the other GUT-scale Higgses contributions offset each other, because 
their masses all approximately equal to fj.2 and appear in logarithmic functions with different signs. 
The masses contribute to nucleon decay could be determined from Eqs.(3.6) and (3.7). Together with 
the conditions \t\ ^ s and k's^ ^2, numerical study show that all the GUT-scale masses are around 
1 X lO^^GcV. The limits that we taken here are fully compatible with the constraints of Sec. 3. 



6 Numerical Constraints on Proton Decay 

In this section, we present some numerical results about the destructive effect. We illustrate it in the 
small mixing limit at first, and then in a relaxed parameter space. We choose some specific proton 
decay modes for simplicity. The most relevant modes p — + v and the modes without dependence 
on e**^ are our concentration. At first we analyze these models in the small mixing limit of 5 and 
45-plct following the general discussion of Sec. 5. Then we use the predictions from previous sections 
to get the possible longest proton lifetimes of this model. 

Wc take all the sparticle masses at ITeV except for = = 10TeV[8]. We neglect squark 
and slcpton mixing for simplicity. Because most of the mass insertion parameters are small [25], we 
will not loose the major physics. Present limit on chargino mass is m^± > 94GeV[26]. In this work 
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we take wino mass A/2 = lOOGeV. The present experimental limits on partial proton lifetimes at 90% 
C.L.[26] are 

t{p -^tt" + e+) > 1.6 X lO^^yrs 
t{p K+ + D) > 6.7 X lO^Vrs 

r(p ^ tt" + fi+) > 4.73 X 1032yj.s (g.i) 

We also take Mgut 2 x IQi^GeV and fix My = 4.96 x IQi^GeV and A/s = 2.5 x lO^^GeV. 
The fermion masses are taken as input through Eqs.(4.5, 4.6). The CKM matrix parameters V*j are 
taken from Ref.[26]. The Yukawa couplings and are fixed up to the doublets' mixing angle 9d 
and tan/3. In the small mixing limit, they arc fixed by tan/3 for 9d ^ 0. The up-typc quark masses, 
9o, and tan/3 can not fix the up-typc Yukawa couplings. By tuning /i* and /i'*, we can get destructive 
effects among colored Higgs contributions. 

After fixing all the Yukawa couplings, wc can use the chiral Lagrangian technique[27, 28] to 
transform quark level Lagrangian in Eq.(4.13) to the hadronic level. This is accomplished through the 
matrix elements 

{K^\iu,d),s,\p) = ^^l+^^ + F^^y (6.2) 

(if+|(^.,s)idib) = f^^, (6.3) 
./ 3 niB 

which is obtained in the limit mu^d,s ^ 'mN,B- AH the parameters can be found in [15, 29]. We take 
them as following [29] 

/? = 0.0118GeV^ D^O.S, = 0.47, / = 0.131GeV, mA, = 0.94GcV, = 1.15. GeV. (6.4) 

In Table 2, we list the general form of dimension-five operators mediated partial proton lifetimes. 
These formal equations do not depend on the assumption of parameters. We only have to determine 
the values of y'-' and y*^ to get the proton decay rates. 



Table 2. The dominant proton decay modes and the modes independent of e"* or y'^ without ad hoc 
assumption. We assume the dimension-five operator contributions dominate. 



Decay mode 



General Lifetime 



t{p - 
t{p 



K 



1.0 X 10^5 



5.3 X 10 



33 



lO^^^GeV 



TeV" 



yrs 



t{p tt" + ^+) 
t{p tt'-^ + e+) 



3.2 X 10^6 
2 



7.8 X 10 



34 



TT 



10~^^GeV 



Y 



TT 



TeV" 



'As{f{u, d')+f{d',y)) 



yrs 



6.1 Proton Lifetime in Small Mixing Limit 

Now we numerically study the destructive effects among all colored Higgs in the small mixing limit. 
Eq.(5.2) ensures the most relevant contribution comes from Eq.(5.4). For the decay modes we concern, 
their ambiguities reside in the parameters F^^, Y^^ , F^^/F^^, F^^/F^^, and y*^. ?/*^ contains an 
unknown phase e^^'^*^'^''\ This phase is a free parameter at present and may bring cancellation between 
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c and t quark contributions. It follows j/*^^' « y*^e under the conditions of the small mixing limit. 
When y(22 ^ y^i2 ^ 0, we have 

yll y21 ~ J/2 Jl _ J2 J/1 ]\^J ' 

which can be obtained directly from Eq.(5.4). Numericall, we have 

j/2/5j2j/i =(-4-9-7.1). (6.6) 

by applying Eq.(4.6). The mass parameters are from Rcf. [26]. Now we only have to consider Y^^ and 
y-^^. We follow the discussion in Sec. 5. With y^^^ = and Eqs.(5.2) and (5.4), we have 

y22 TTa2mc{ims + m^) 

" ml sin2/3(cos2 Oo + sin^ 60) 



2M2 

Tra2mc{3ms + m^) 1 



..2^sin2/^ 2M^^''"^-'^'-'y (6-^) 



y^^i^'j can be obtained by replacing TOc with to„. The numerical study gives 

,.22 (7 ^ 10) X 10-6 Mg^-Mg/ 

The range comes from the uncertainties in quark masses. When Y^^^ = 0, we have a similar analysis. 
Then the last uncertainty comes from the colored Higgs masses. We take tan as small as possible. 
We further take \t\ < \s\. In this way, we approach the condition of Sec. 5. At this time, the GUT-scale 
masses are all fix at around lO^^GcV, which arc listed in Table 3. We have the possible longest proton 
lifetimes in Table 4. When one of the modes p — >■ + or p — >■ + Ve reaches its maximum, the 
other one gets their minimum. This can be explained by the fact that the condition Y^^^ = enhances 
y^gj and y^gj ~ enhances y(Q), which have been explained in Sec. 5. The same explanation is also 
applicable for p ^ tt" + /i+ and p tt" + e+ . 



Table 3. The GUT-scales masses in small mixing limit. 



Higgs Representation Mass(GeV) 

Hci?c (l,3)_i (1,3)1 1.22 X 10^5 

H'^H'^ (1,3)_J (1,3)J 1.219x1015 

HLH'T (3,3)/(3,3)_i 1.07x1015 



H'^H'^ (1,3)_4 (1,3)4 1.23x10^5 

H'^p^H^- (2,8)_J(2,8)J 1.23x1015 

H^l^Hafi (2,3)7 (2, 3)_ 7 1.17x1015 

^S^S (1,6)J(1,6)_J 1.33x1015 

HjH', (2,1)4 (2, l)_i 1.01x1015 
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Table 4. The longest partial proton lifetimes in the small mixing limit with tan /3 = 2. The first four ones are 
gotten with — 0. The last four ones are gotten with F/qj = 0. 



Decay mode 


Lifetimc(yrs) 


t{p - 




< 3.7 X 10^6 


t{p ^ K+ - 




< 1.4 X 10^9 


t{p ^ tt" 4 




< 3.3 X 10'*'' 


t{p tt" ^ 


-e+) 


< 1.9 X 10^7 


t{p A'+ - 




< 1.3 X 10^1 


t{p ^ K+ - 




< 7.9 X 10^8 


t{p ^ tt" 4 




< 1.4 X 1038 


t{p ^ tt" 4 




< 1.2 X 10^*° 



6.2 Proton Lifetime beyond Small Mixing Limit 

Although this model does not satisfy the experiments in the small mixing limit, we can analyze larger 
parameter space with the small mixing limit as our starting point. In the small mixing limit, we can 
not realize the smallness of Y^^ and Y^^ at the same time. They are related to the two most dominant 
modes p — > + and p — >■ + Ve- If we relax the parameter space a little, we can find some 
specific choice of h'^/h'^^s to ensure the long enough proton lifetime. This could be verified by the 
following analysis. 

We begin with Eq.(5.3) which gives He and H'^ a common mass M. At this time all the GUT- 
scale Higgs sectors are around M. When Eq.(5.3) is exactly satisfied, together with Eq.(5.2) we 
have = 0. This result directly comes from the form of F*-' and does not depend on any other 
assumptions. But it is impossible to let all Y^^ equal to zero at the same time, e.g. Y^^ will be large 
enough to break experimental bound when we set Y^^ = with h? /h'^ = —Af'^/f^. We can not even 
find proper h? and h'"^ to let Y^^ and both small enough. But if we are able to set H'^, and 
^ba ^ higher scale, this problem can be solved. 

Since we want to relax the small mixing limit in a controlled way, we change as few parameters 
as possible and take the process little by little. We set fi2 to be larger. Then the parameters s and 
\t\ becomes larger. Hence, the mass of He and H'^ becomes heavier and He is heavier than H'^. H'jj 
becomes heavier too. The gauge coupling unification constraint Eq.(3.7) of Sec. 3 sets constraints on 
the masses of H^ H'^, and i/^. At this time, Eq.(2.7) will make ki or K2 larger if we do not change 
smaller. In order to keep mass difference between He and H'e not too large, we need to keep \t\ <C s 
and hence fix should not becomes smaller. Accordingly, ki or k,2 becomes larger and we break the 
small mixing condition. In a word, we have all the three colored Higgs sectors becomes heavier at the 
expanse of the small mixing limit. 

Now, it is possible to realize the smallness of Y^^ and Y'^^ at the same time under the constraints 
of Sec. 3. The real destruction effects in y*-' can still be achieved with specific choice of /i*//i'"s. The 
possible longest partial lifetimes are listed in Table 5 and the corresponding GUT-masses are in Table 
6. These GUT-masses are gotten by the restriction from Sec. 3 and by relaxing the small mixing limit. 
The proton lifetimes are in accord with the data in Eq.(6.1). 
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Table 5. The longest partial proton lifetimes with tan^ = 2. The lower limit of p — > 7r° + e"*" comes from X 
and Y gauge boson. The upper limit comes from dimension-five operator mediation. 



Decay mode 


Lifetime 




t{p + v) 


< 1.6 X lO^^yrs 




t{p tt^ + /.t+) 


< 1.7 X lO^Syrs 




t{p ^ tt" + e+) 


< 5.9 X 10''Vrs(d= 


=5) 


t{p -> 7r° + e+) 


> 5.7 X 103Vs(d= 


=6) 



Table 6. The GUT-scales masses which ensure longest proton lifetime without small mixing limit. These 
masses are in accord with the gauge coupling unification constraints of Sec. 3. 

Higgs Representation Mass(GeV) 

He He (l,3)_i (l,3)i 1.48 X IQis 

H'eH'e (l,3)_i (l,3)i 3.07x10^5 

HLH'a'' (3,3)/(3,3)_J 1.03x1016 

H'JH'J (1,3)_4 (1,3)4 9.56x1015 

H^^H^- (2, 8)_ 1(2,8)1 9.56x1015 

H^I^Haf, (2,3)7 (2, 3)_ 7 9.87x1015 

Hff)^S (1.6) J (1,6)4 9-18 xlO^' 
H'^H', (2,1)1 (2, l)_i 1.24x1016 



7 Summary 

In this work we analyze the SUSY SU(5) GUT model with 5 + 5 and 45 + 45 Higgs multiplets. We give 
the most general renormalizable superpotential for the Higgs fields and regain the light fermion mass 
formulae. We set constraints on GUT-scale masses through gauge coupling unification. We analytically 
study the possibility that dimension-five operators from different Higgs sectors are destructive, so we 
can have long enough proton lifetime. When the mixings between 5 and 45-plet Higgs fields can be 
neglected and the masses of the Higgs multiplets are degenerate, the proton decay width can be studied 
in a quite simple manner. Although this limit does not satisfy the experimental bounds, we can relax 
this limit and still maintain the destructive effects. In a general parameter space, we find that the 
proton lifetime can be in agreement with the present experimental bounds. 

This work was supported in part by the National Natural Science Foundation of China (NSFC) 
under Grant No. 10435040. 
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